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Abstract 



This is a sequel to the papers ( |quant-ph/9910063| ) and ( |guant-ph/0004102D 



The aim of this paper is to give mathematical foundations to Holonomic Quantum 



Computation (Computer) proposed by Zanardi and Rasetti ( quant-ph /990401 1 ) 
and Pachos and Chountasis ( |quant-ph/9912093| ). 

In 2-qubit case we give an explicit form to non-abelian Berry connection of quan- 
tum computational bundle which is associated with Holonomic Quantum Compu- 
tation, on some parameter space. 

We also suggest a possibility that not only usual holonomy but also higher- 
dimensional holonomies must be used to prove a universality of our Holonomic 
Quantum Computation. 
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1 Introduction 



This is a sequel to the papers |T2fl and [13]. 



Quantum Computer is a very attractive and challenging task in New Millennium. 
After the breakthrough by P. Shor ]IJ there has been remarkable progress in Quantum 
Computer or Computation (QC briefly). This discovery had a great influence on scien- 
tists. This drived not only theoreticians to finding other quantum algorithms, but also 
experimentalists to building quantum computers. See || and H in outline. H is also 
very useful. 

On the other hand, Gauge Theories are widely recognized as the basis in quantum 
field theories. Therefore it is very natural to intend to include gauge theories in QC ■ • • 
a construction of "gauge theoretical" quantum computation or of "geometric" quantum 
computation in our terminology. The merit of geometric method of QC may be strong 
for the influence from the environment. See for example ||. 

In H and |7| Zanardi and Rasetti proposed an attractive idea ■ • ■ Holonomic Quantum 
Computation (Computer) • • • using the non-abelian Berry phase (quantum holonomy 
in the mathematical language). See also || and || as another interesting geometric 
models. In their model a Hamiltonian (including some parameters) must be degenerated 
because an adiabatic connection is introduced using this degeneracy [|lOj. In other words, 



a quantum computational bundle is introduced on some parameter space due to this 
degeneracy (see ||) and the canonical connection of this bundle is just the one above. 

They gave a few simple but interesting examples to explain their idea. We believe that 
these examples will become important in the near future. But their works (pi, and 
TI| ) are a bit coarse in the mathematical point of view. Moreover, for more than 2-qubit 



case a universality of Holonomic Quantum Computation has not been proved. Therefore 
in this paper we will attack this problem in the case of 2-qubit. 

Namely we construct a quantum computational bundle on some parameter space and 
calculate the canonical connection form to determine quantum holonomies (this is our 
main result, see sect. 3.3). But we could not calculate the curvature form because of 



being too complicated. 

Moreover we studies several conditions to obtain the universality of our model. A 
condition seems to be lacking. To overcome this point we propose an idea that not only 
usual holonomy but also higher- dimensional holonomies (!) must be introduced in our 
Holonomic Quantum Computation. Further study will be required. 

It is not easy to predict the future of geometric quantum computations. However it is 
an arena worth challenging for mathematical physicists. 

2 Mathematical Foundation of Quantum Holonomy 

We start with mathematical preliminaries. Let TC be a separable Hilbert space over C. 
For m G N, we set 

st m (n) = {v = ( Vl , - ■ ■ , Vm ) en x ■ ■ ■ x n\vW = i m } , (i) 

where l m is a unit matrix in M(m, C). This is called a (universal) Stiefel manifold. Note 
that the unitary group U(m) acts on St m (H) from the right: 

St m (H) x U(m) -> St m (H) : (V, a) i-> Va. (2) 

Next we define a (universal) Grassmann manifold 

Gr m (H) = {X G M(H) \X 2 = X, X ] = X and trX = m} , (3) 

where M(7i) denotes a space of all bounded linear operators on 7i. Then we have a 
projection 

vr : St m (H) - Gr m {H) , tt(V) = , (4) 

compatible with the action (g) (n(Va) = Va(Va)^ = VaaW = VV ] = n(V)). 
Now the set 

{U(m),St m (H),7r,Gr m (n)} , (5) 



is called a (universal) principal U(m) bundle, see |L5[ and |16| . We set 



E m {H) = {(X, v) e Gr m {H) x H\Xv = v} . (6) 



Then we have also a projection 

7T : E m (H) -> Gr m (H) , tt((X, «)) = X . (7) 

The set 

{C m , E m (TC), 7T, GV m (7i)} , (8) 

is called a (universal) m-th vector bundle. This vector bundle is one associated with the 
principal C/(m) bundle (||) . 

Next let M be a finite or infinite dimensional different iable manifold and the map 
P : M — > Gr m {H) be given (called a projector). Using this P we can make the bundles 
(H) and (HD pullback over M : 

{[/(m), St, 7T&, M} = P* {f/(m), ^ m (W), 7T, Gr m (W)} , (9) 
{C m , P, vrg, M} = P* {C m , P W (W), 7T, Gr m (ft)} , (10) 

see Ul5| . (p~0|) is of course a vector bundle associated with (§J). 

Let be a parameter space and we denote by A its element. Let A be a fixed 
reference point of A4. Let H\ be a family of Hamiltonians parameterized by Ai which 
act on a Fock space 7i. We set Hq = H\ for simplicity and assume that this has a m-fold 
degenerate vacuum : 

#o% = 0, j = l~m. (11) 

These v^s form a m-dimensional vector space. We may assume that (vi\vj) = 5ij. Then 
(vi,- ■■ ,v m ) e St m (H) and 

Namely, F is a vector space associated with o.n. basis (vx, ■ ■ ■ , v m ). 

Next we assume for simplicity that a family of unitary operators parameterized by Ai 

W U(H), W(X ) = id. (12) 

is given and H\ above is given by the following isospectral family 

H\ = W(X)H W(X)- 1 . (13) 
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In this case there is no level crossing of eigenvalues. Making use of W(X) we can define a 
projector 

P : M - Gr m (H), P(X) = W(X) (f^ <W j (14) 
and have the pullback bundles over M. 

{u{m),St,^ t ,M}, {C m ,E,n s ,M}. (15) 

For the latter we set 

\vac) = (vi, ■■■ ,v m ). (16) 
In this canonical connection form A of jf/(m), St, tt^, .M} is given by 

^4 = (t;ac|^(A)- 1 c/^(A)|t;ac), (17) 
where d is a differential form on M., and its curvature form by 

T = dA + AAA, (18) 



sec 



HJ and |S|. 



Let 7 be a loop in M. at A ., 7 : [0, 1] — > .M,7(0) = 7(1). For this 7 a holonomy 
operator T_4 is defined : 

Y A (-i) =Vexp^j A^ EU(m), (19) 

where P means path-ordered. This acts on the fiber F at Ao of the vector bundle 
|C m , E, 7rg, M| as follows : x — > r^^x. The holonomy group Hol(A) is in general 
subgroup of U{m) . In the case of Hol(A) = U{m), A is called irreducible, see . 
In the Holonomic Quantum Computer we take 

Encoding of Information x G F , 

Processing of Information 1^4(7) : x — > r^(7)x. (20) 



3 Holonomic Quantum Computation 

We apply the results of last section to Quantum Optics and discuss (optical) Holonomic 
Quantum Computation proposed by || and fll . 
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3.1 Holonomic Quantum Computation 1 • • • [[T2 



Let a(aJ) be the annihilation (creation) operator of the harmonic oscillator. If we set 
iV = a) a (: number operator), then 

[N, a ] ] = a) , [N, a] = -a , [a, a ] ] = 1 . (21) 

Let H be a Fock space generated by a and a\ and {|n)|n G N U {0}} be its basis. The 
actions of a and a* on Ti are given by 

a\n) = y/n\n - 1) , a ] \n) = y/n + l\n + 1) , (22) 

where |0) is a vacuum (a|0) = 0). 
Now we set 

K + = l(at) 2 , i?_ = ia 2 , jr 3 =I( ta + i) , (23) 

then we have 

[K 3 , K + ] = K + , [K 3 , K_] = -K_ , [K + , K_] = -2K 3 . (24) 

That is, the set {K + , K_, K 3 } gives a unitary representation of su(l, 1) with spin 1/4 and 
3/4, 0. 

In the following we treat unitary coherent operators based on Lie algebras C and 
su(l,l). 

Definition We set 

[NC] D{a) = e aat ~ aa for a e C, (25) 
[NC] = e^+~^- for /3 G C. (26) 

For the details of -D(a) and 5(/3) see [EIJ and JH]. For the latter convenience let us list 
well-known disentangling formulas. 
Lemma 3-1-1 We have 

[NC] D(a) = e-^^e^e-™, (27) 
[NC}S((3)=e^e 1 < l -^ e -^- where C = 0ta ^^ (28) 



As for a generalization of these formulas see pi]] . 

Under preliminaries above let us proceed to the main subject. Let H Q be a Hamiltonian 

H = hXN(N- 1). (29) 

This has a 2-fold degenerate vacuum because if we set 

F o = Vect{|0),|l)} , (30) 

then H Q F = 0. 

Now note that \vac) = (|0), |1)) G St2(H) in ([[]). We consider a two-parameter 
isospectral family 

H (a>p) = 0(a,(3)H Q 0(a,(3)- 1 , (31) 
0(a, 0) = D(a)S(P), O(0, 0) = id , (32) 

where (a, 0) G C 2 . Since (|31| ) is isospectral we have no level-crossing of eigenvalues for the 
parameters (adiabatic!). In the following we focus our attention on the 2-fold degenerate 
vacuum. 

For this system let us calculate a connection form ( |I7|) in the last section. For that 
we set 

A a = (uac|0(a,/3) -1 — 0{a,p)\vac), A p = (vac\0{a, P)' 1 ^ 0{a, p)\vac). (33) 
Here remaking 

0(a, /?)-^0(«, 0) = S(P)- 1 1 D(a)- 1 ^-D(a) j S(f3), 

OiaJ)- 1 — 0(a,P) = Stpy'—SiP) 

and using Lemma 1, 
Lemma 3-1-2 We have 

„ , 9 „ a , . „, + /3sinh|/3| , . 

2 + ^ + \0 



dp 2 { + 2\P\ ) 2 V a ) + 



+ cosh(2|/?|)) l / t 1 

o a'a H — 

2\3\ 2 2 V 2 



2|,8| 2 V 2|/3| ; 2 



Compare and Q3"5| ) with those of ||. 

From this lemma it is easy to calculate A\ and A^. Before stating the result let us 
prepare some notations. 

H V = G T^C i) ,i= C J- (36) 

Proposition 3-1-3 We have 

A^fL + cosh^F + ^ME, (37) 

^(-i + cosM^D) , K+ i L \ m 

P A\p\ 2 \ 2 J 1 ; 

A comment here is in order. By the diagonal parts of (|37j) and (|38[) we have the Berry 
phase stated in easily. 



Since the connection A is anti-hermitian [AJ = —A), it can be written as 

A = A a da + Apdfi - Ajda - A^dp , (39) 

so that it's curvature form T = dA + A A A becomes 

T = (d a Ap - d p A a + [A a , Ap\) da A dp 

d a Aj + d & A a + [A a , A J}) da A da 



daAp 1 + dpA a + [Aa, A p ] Yj da A dp 

- [dpAj + d a A/3 + [Ap, Aj]j dp A da 

- (fy V + dpAp + [A/3, Aj]) dp A dp 
'd a A^ - dsAj + [V; A* 1 ]) da A dp . (40) 



Now let us state our result. 
Theorem 3-1-4 

f g 2 cosh ( sinh(2|/?|) ^ gsmh|/3| / smhp|/j|) \ 1 
—IKda A da 
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sinh(2|/3|) / , 1 



K + -L) d/3 A d{3 



/Mnh ^ + sinh(2| |/3 |)^ ^ + gcosh^ ^ + smh<^ ^ a ^ 



2|/3| V 2 |/3| / 2|/?| 2 V 2|/3| 7 



(41) 



It is easy to see that the target of JF covers all of Lie algebra u(2). This means that 
the connection A is irreducible ■ • ■ the holonomy group of A is just U(2). See |J, @ and 



Corollary 3-1-5 A is irreducible (|J), 
3.2 Holonomic Quantum Computation 2 • • • [jT3 



Next we consider the system of two-harmonic oscillators. If we set 

a\ — a ® 1, 4 = a 1 ® 1; a 2 = 1 <8> a, 4 = 1 ® a^, (42) 
then it is easy to see 

[a h a,j] = [aj, at] = 0, [a*, a]] = <5 y , i, j = 1, 2. (43) 

We also denote by iVj = ajaj number operators. 

Now since we want to consider coherent states based on Lie algebras su(2) and su(l, 1), 



we make use of Schwinger's boson method, see [17|, ||18|| . Namely if we set 



[C] su(2) : J + = a\a 2 , J_ = 4 Q i> J 3 = - {a\a\ — a^a-^j , (44) 
[NC] su(l, 1) : K + = 44, K- = a 2 ai, K 3 = - (4«i + 4 a 2 + l) , (45) 



2 

~ 2 

then we have 



[C] su{2) : [J 3 , J+] = J+, [J 3 , J-] = -J_, [J+, J_] = 2J 3 , (46) 
[NC] su(l, 1) : [K 3 , K+] = K+, [K 3 , K.) = -K., [K + , K.\ = -2K 3 . (47) 
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In the following we treat unitary coherent operators based on Lie algebras su(2) and 
su(l,l). 

Definition We set 

[C] U(£) = e^ a2 ~^ ai for (G C, (48) 
[NC] V(C) = e ^ a ^ a2ai for (eC. (49) 



For the details of U(£) and V(Q see |20] and [T7|]. For the latter convenience let us list 
well-known disentangling formulas. 
Lemma 3-2-1 We have 

[C] 17(0 = e^ a2 e log ( 1+|j7|2 )K a l i-4«2) e -^4a 1; where v = ^an|el ^ (50) 

[NC] V(£) = e Ka i4 e lo s( 1 ~l K l 2 )K a i ai+a 2 a2+1 )e _Sa2ai , w/iere « = ^^1. (51) 



As for a generalization of these formulas see . 

Let H be a Hamiltonian with nonlinear interaction produced by a Kerr medium., 
that is H Q = hXN(N — 1), where X is a certain constant, see JIT] . The eigenvectors of i7o 
corresponding to is {|0), |1)}, so its eigenspace is Vect {|0), |1)} = C 2 . We correspond 
to — ► |0), 1 — > |1) for a generator of Boolean algebra {0, 1}. The space Vect {|0), |1)} is 
called 1-qubit (quantum bit) space, see [0 or ||. Since we are considering the system of 
two particles, the Hamiltonian that we treat in the following is 

H = hXNi(Ni - 1) + hXN 2 (N 2 - 1). (52) 

The eigenspace of of this Hamiltonian becomes therefore 

F = Vect {|0), |1)} <g> Vect {|0), |1)} S C 2 <g> C 2 . (53) 

We denote the basis of F as {|0, 0), |0,1), |1,0), |1, 1}} and set 

Kc> = (|0,0>,|0,1>,|1,0>,|1,1>). (54) 

Next we consider the following isospectral family of Ho above : 

H ( U) = W(Z,()HoW(ZX)-\ (55) 
W(Z, = U(0V(C) E U{H ® H), W(0, 0) = id. (56) 
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where (£, () G C 2 . For this system let us calculate a connection form ( |TT| ) in the last 
section. For that we set 



= (vaclW^Cr^W^Olvac), A ( = (vac\W(S, O" 1 ^^ C)\vac). 



(57) 



Here remaking 



and using Lemma 1, 
Lemma 3-2-2 we have 



Csinh(2|C|) / t x2 , Csinh(2|C|) 



+ 



2ier 



1 - cos(2|£|)) - (ajtii - 4a 2 ) 



+ 



e 2 ( 1 sm(2iei) 



cosh(2|C|)a2ai + 



; | Csinh(2|C|) ( ^ )2 | Csinh(2|C|) (J 



2|CI 



2|CI 



(5? 



l^ 1 + smh|CDj al4+ C 



2 ' 2|C| 2 



-1 + cosh(2|C|)) - (ajai + a\a 2 + 1 



+ 



c 2 



■l + ^p) fll , 



(59) 



2|cr v 2|ci ; 

From this lemma it is easy to calculate and Aq. Before stating the result let us prepare 



some notations. 



E 



^ ^ 



10 





^ ^ 




10 




H 



^ ^ 

\ 

-\ 





(60) 
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A 



f i N 







Proposition 3-2-3 We have 

1 /. sin(2|e|)\ 



V 



^ ^ 
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B 



( \ o x 

10 

10 

§ j 



1 + 



e 



m ) 

si n(2|e|) \ 

m ) 



cosh(2|C|)F--^(l-cos(2|e|))// 



-1 + 



m 2 

cosh(2|C|)£, 



1/ sinh(2|C|) \ 

A< -*[ 1+ -m-) c+ m 2 



c 



-l + cosh(2|C|))S 



2icr v ^ ' 2ici 

Since the connection form A is anti-hermitian (A' = — A), it can be written as 

A = A 6 d£ + A c d( - Ajd£ - A C U( , 
so that it's curvature form T = dA + A A A becomes 



T = (c>^ c - d c At + [A;, AA) di A d( 

- (dtAj + d^At + [At, Aj]) d£ A di 

- (d^ + + fa, Aj]) d£ A d( 

- (d c AJ + d^A ( + [A Af]) d( A d£ 
-(d c Aj + d{A c + [A c ,A^})d(Ad( 

- (%4 C * - + [A c \ Aj]) d£Ad£. 



Now we state our main result. 
Theorem 3-2-4 



' sin(2|£|) \ Csinh(2|C|) ~ P 

m ) 2ici ^ + iei 2 



sm(2^D \ Csinh(2|C|) gl^ 



A 
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{ |4 ("I + cos(2|e|)) cosh(2|C|)F - (l + cosh 2 (2|C|)) H 

+ ("I + cos(2|e|)) cosh(2|C|)^|de A di 
j ( sin(2jel) \ Csinh(2|C|) fi f / 1 , gin(2j^ \ £smh(2|g) g,\ , 

f ( sin(2|e|) \ Csinh(2|C|) e , £ 2 / ^^^(sinW^ - 
sin(2iei)^ Csinh(2|C|)^^ £ 2 ( sin(2|£|) \ C sinh(2|C|) ~\ A 



+ 1+ 



2iei ; 2ici 



(66) 



From this and the theorem of Ambrose-Singer (see [|15|]) it is easy to see that 
Corollary 3-2-5 

Hol(A) = SU(2) x 1/(1) c £7(4). (67) 
Therefore A is not irreducible. 



3.3 Holonomic Quantum Computation 3 • • • Main Result 

The Hamiltonian that we treat in this section is (p^)., namely 

H = KXNtiNx - 1) + hXN 2 (N 2 - 1) 

and we consider the following (full) isospectral family : 

H( au p x £^ a2 fo) = Z(ai,pi, f , C, a 2 , /3 2 )H Z(a 1 ,^ 1 , £, C, a 2 , AO -1 , (68) 
Z(ai, /3i, £, C, « 2 , ft) = A) W(£, ()0 2 (a 2 , (3 2 ) e U(H ® W), 

Z(0, 0,0, 0,0,0) =id, (69) 

where (ai, /3i, £, £, a 2 , /3 2 ) G C 6 and 0(a,/3) and VK(£, C) are respectively fl32| ) and (|56|). 
Namely we consider a family of six-parameters. For this system we want to calculate a 
connection form (|T7]). For that we set for simplicity 

A x = (vac\Z(a 1 ,p 1 ,£X,a 2 ,p 2 )~ 1 —Z(a 1 ,p 1 ,£,(,a 2 ,(3 2 )\vac), (70) 
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where x — a i> A;^ (, a 2, P2 respectively and \vac) is just 
We note 

Z- 1 ^-Z = 0^ 1 W' 1 (oi 1 ^0 1 ^W0 2 for X = <*x,Pi, 

Z- l ^Z = 0^(w- 1 -^W ) j0 2 for X = e,C, 

d d 
Z~ l —Z = 2 1 —0 2 for x = Oi2,P2, 
ox ox 

but we have already calculated the main parts in sect. 3.1 and sect. 

First let us determine fl7ip . From Lemma 3-1-2 we have 

Z- l ^-Z = ^1 + cosh {folO^W-WWOi + ^ 1 ^}^ 2 - 1 W- 1 a 1 W0 2 
aa\ 2 \px\ 

+ ft(-l + cosh(2|ft|)) lf / 02 -, w ,.-, ai , M ,. 02 ) (o^w'a.WO 

2ifti 2 V 2|ai y 2 V 



If we set for simplicity 



2 W a{W0 2 = c + Ciai + c 3 ai T + c 2 a 2 + c 4 a 2 T , 



then we have 



£sin(|£|) Csin(ICI)- 

c ° = — i?i — cosh ^i) a2 + cos (i£i) — j^j — °2 

ci = cos(|^|) cosh(|C|) , 
£sin(|£|)Csin(|C|) 



C3 



lei ici 



f esin(|e|) ,|,„ Csinh(|C|)^sinh(|/? 2 |) ' 
c 2 = I — £j — cosh(ICI) cosh(|/3 2 () + cos(|£() ^ ^ 

f£ sin (l£l) 1 /|> h /52sinh(|/3 2 |) Csinh(|C|) , h " 
c 4 = I — — cosh(ICI) + cos(|f|) u| cosh(|/3 2 |) 

See the appendix A. Making use of these 
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Lemma 3-3-l-(i) we have 

„-l 9 fa, ..... , Asinh(|ft|) 1 

2 d^ z = \Y + coahm)Co + —ij3;\ — c »r 

+ { eosh(|ft|)e3 + ^y^ }- + { coshflAlfc + gl^M e,} ai t 
J eosh(| A |)c 4 + ft si ° h f'D e l 2 + ( cosh(|A|)c 2 + ^»c 4 ja 2 t , 



IK 1 + t) ^ + + ^ + ^ ( - : + cosh(2|A,)) 

1/, ,2,, ,2,, ,2 1\ ft 2 / 1 , sinh(2|A|) \ 1 / 2 ^ 

+ [l (l + c "oC3 + (-1 + 003^(21/3,1)) 1 (c lC - + C C 3 ) 

M ( 1 , sinh(2|A|) ^ \ 

+ 2wr 1+ ^^j CoCi r 
+ {K 1 + gjg w^ ) c_oc_i + 2W (_1 + coshmi)) \ (cs '° + c °' i} 

A 2 / sinh(2|A|) \ ) 

+ {I (l + ^4 + ^ (-1 + cosh(2|A|)) 1 (c 2 c + C C 4 ) 

A 2 ( sinh(2|A|) \ 1 



+ 



f - - , 2 -1 H ^nri — C C 4 



t 



2 |Ai 2 V * 1 2|fti ; 



+ 



1 / sinh(2|/3 1 |)\ A / , Wtll , lu l, 

2 ( + 2|flJ J ^ 4 + 2W ( + COsh(2|/3l|)) 2 ( ° 2 ^ 3 + Cl ^ 4) 



A 2 / 1 , sinh(2|A|) ^ 1 



+ {i (l + S ^§^) + ^jfj* ("I + -h(2| A |)) i (c 4Cl + C3 c 2 ) 
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P\ ( 1 sinh(2|^|)\ I t t 

+ + ^ + (_1 + cosh(2|ftl)) 5 (cA + 



M ( , , 3inh(2|ft|) \ , 

+ IK 1 + "w" ) El< ' 4 + Wtf (_1 + cosh ' 2 i ft i') s (c '* + c *> 

A 2 I , , sinh(2|ft|) \ 1 t 
f l / , sinh(2|ft|)\ _ _ ft , , .,„,,,,,, 1 /..a , 



+ i 2 1 1 + ^Mr J Wz + w (_1 + cosh(2|ftl)) 2 (N + N 

PI I smh(2|ft|) \ 1 t 
f 1 / sinh(2|/3 1 |)\ p x , , . , nl _ 1 /, l2 . 

+ { 2 1 1 + J ^ + # M + C08h(2|AI)) 2 N + w 

_g/ _ 1 + sinh(2|ft|)A 1 

2|ai 2 i 2|ai ; 4 j ' 

where we have omitted the coefficients of ai 2 , , a 2 2 , ( a i^) because these terms 

are neglected as shown in the latter. 

Next let us determine ([72]). From Lemma 3-2-2 we have 



sin(2|f|)\ f , /nt>1 , , , ^ Csinh(2|C|) / + \2 Csinh(2|C|) i ^ \2' 
2 I + 2^| ) { cosh ( 2 KI)40 2 - 1 a 2 2 + (aj) + (o 2 - 1 a 2 2 ) 



(1 - cos(2|e|)) I {alax - (Oa^aJOa) ((9 2 - 1 a 2 2 ) } 



+ 



2ier 2 

f / sin(2|e|) ^ [ , /0| .,/ n _ 1 tn \ , Csinh(2|C|) 2 Csinh(2|C|) /_ _ x t ^ 

2ierv r ( lcl)( 2 4 ° 2 ) fli+ 2ici ai + 2i?i ^ 402 



34) 



1 / sinh(2|C|)\ 



2|C| 2 



— - — I ai (0 2 a 2 2 
(-1 + cosh(2|C|)) \ {a\ ai + (Ot-tyOt) (0 2 - l a 2 2 ) + l} 
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C 2 / sinh(2|CD\ , x x 
If we set for simplicity 

2 1 a 2 2 = a 2 + d x a 2 + d 2 a 2 \ (86) 



a \>t\R\\ a /?2 sinh(|/3 2 |) 

di = cosh(]/3 2 |), d 2 = — i . (87) 



then we have 



Making use of these 
Lemma 3-3-1- (ii) we have 

P ( 3in(2|^|) \ Csinh(2|C|) , 2 - -n! 
+ ( P U + a-h(2| { |)*U + U (l + «) cosh(2K|)« 2 L 1 t 



+• 



+• 



2 |ei 2 v 2iei ; 1 N; z j 12 v 2iei ; 

1/ sin(2|£|)\ Csinh(2|C|) , £ , . ,_ 1N , 1 / , 7 \ 

2 i 1 + 2|erj 2|C| " 2 1 " ijfj* (1 " COs(2|el)) 2 1 + " 2 2 ) 
£ 2 / sin(2|e|)Usinh(2|C|) -1 



C 2 / sin(2|e|)Usinh(2|C|) _ , ' 



+ < * f 1 + ^IPl cosh(2| C |)rf 1 )a 1 ta 2 + f-1 + E^IT) cosh(2| C |)rf 1 )a 1 a 2 t 



2iei — ■ l2 |ei 2 V ski ; 

f £ 2 / 

+ 



+ -|,(l-co8(2|e|))ia 1 ta 1 



+ 



f 1 / sin(2|£|)\ Csinh(2|CD £ n , ol , m 1 a ^ u ,2\ 

f / sin(2|£|) \ Csinh(2|C|) - - 1 f 
+ ^ + -^J — ^2*4 a 2 , (88) 
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C 



2|C| 2 



-l + cosh(2|C|)) (l + \a 2 \ 2 + \d 2 



C ( , sinh(2|C|)\ 1 A sinh(2|C|)\ + 

2ici 2 v 2\c\ ) 2 1 2\ 2ici ; 

H — —2 (-1 + cosh(2|C|)) («2^i + ^2^2) «2 H — — -2 (— 1 + cosh(2|(|)) (d 2 d2 + oi 2 d x 

2|CI ^ICI 

C 2 / , sinh(2|C|)\ , 1 A sinh(2|C|)\ j + + 

2|C| 2 V 2|C| J 2\ 2|C| J 



2\(\ V 2|C| ; 2 V 2|C| , 



•■> 



Last let us determine ([73]). But we have already calculated in Lemma 3-1-2. 
Lemma 3-3-1- (iii) we have 

r-i 9 a 2 f /3 2 sinh |/3 2 | 

Z 7; — Z = — 1 + cosh \p 2 a 2 r H -— ; a 2 

oa 2 2 



9ft 2 V 2|/3 2 | ; 2 V > 2|A| 2 2 I 2 



ft 2 / sinhgjftj)^ 1 



2 



Let us calculate (f70|) . Since \vac) = (|0, 0), |0, 1), |1, 0), |1, 1)) we have 
a x \vac) = (0, 0, |0, 0), |0, 1)) , aj\vac) = (|1, 0), |1, 1), *, *) , 
a 2 \vac) = (0, |0, 0), 0, |1, 0)) , aj\vac) = (|0, 1), *, |1, 1), *) , 
\v ac) = (0, 0, 0, 0) , ( a i^) \vac) 
\vac) = (0, 0, 0, 0) , ( a 2^) \vac) 
aia 2 \vac) = (0, 0, 0, |0, 0)) , a^a 2 ^\vac) = (|1, 1), *, *, *) 
a-Cai\vac) = (0, 0, |1, 0), |1, 1)) , aia 2 ! \vac} = (0, 0, |0, 1), *) , 
aja 2 \vac) = (0, |1, 0), 0, *) , aja 2 \vac) = (0, |0, 1), 0, |1, 1)) . 



cti 2 ' 



a 2 2 ' 
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Therefore 



(vac\ai\vac) 



(v ac\a 2 \vac) 



^ 1 ^ 



1 



v 

^ 1 ^ 



1 



B 1 



(yac\a^\vac) 





2 , 



= B 



2 ■ 



{vac\a 2 ' i \v ac) 



^ ^ 





10 

v 1 

^ ^ 

10 





(v ac\ai 2 \vac) = (vac\ f^i^ 



10 

2 



(vac\a\a2\vac) 



(vac\ai* ai\v ac) 



(vac 1 01*02 1 vac) 



(vac|l|f ac) 



1 







^ ^ 



10 

v 1 

^ ^ 



10 



\ 



vac) = (vac\a2 2 \vac) = (vac\ \vac) = 6 

\ 



B1B2 , (wac|ai*a2 |t>ac) 



B[B\ , (vac\aia2^ \vac) 



B\B2 , (fac|a 2 *a 2 |vac) 



^ ^ 







v 1 

^ ^ 

10 



v 

^ ^ 

10 



1 



10 
10 
10 
1 



E. 



b\b\ , 



B 1 Bl 



B\B 2 



(92) 



Under the preceding preliminaries we can determine the connection form (7C). This 
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is our main result in this paper. 
Proposition 3-3-2 

d 

A ai = (vac\Z~ l — — Z\vac) 

OOt\ 

= |y + cosh(|/3 1 |)c + — c \E 



+{ coshdADc-3 + ^y^ }^ + { coahGAD* + ^y^ }^ 

+ { ooahd A|)c. + ^y^ j^ + { cosh(|A|)c 2 + ^y^ j^t , (93) 
x \ ( + W " + W + i) + ^ (-1 + -=gf ) 1 (c 2 + c lC3 + c 2C4 ) }* 

+ {K 1 + ^Eftp) C0C3 + mf (_1 + coshmi)) 5 (C1C0 + C0C3) 

A 2 / -I , sinh(2|A|) \ U 

+ {I (l + ^[y ) COO! + (-1 + COsh(2|A|)) \ (C3C0 + COCO 



0? / sinh(2|A|) \ U t 

ifl - 1+ ^mr) coC3 r 



+ {K 1 + ^§P) C_0C " 4 + mf (_1 + C0Sh(2|AI)) 2 1 (C2C ~° + CoC ~ 4) 



& 2 / sinh(2|/3 1 j) \ 
2|A| 2 V + 21/5x1 ) 



+ Af-i + lsmM y il) y c!ut 

2|A| 2 V W J J 

f 1 / sinh(2|/? 1 |)\ A , , Wtll , lu l, 

+ \2 ( + 2|flJ J ^ 4 + 2W ( + COsh(2| ' 9l|)) 2 (C2 ^ 3 + ° l ~ C4) 



PI ( , , sinh(2|A|) \ 
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+ {I (i + S ^§^-) + ^ (-1 + i (c 4Cl + c 3C2 ) 



A 2 / sinh(2|A|) \ 



+ (l + ^f^ ) c 2 c 3 + (-1 + cosh(2|A|)) \ (c 4 c 3 + Cl c 2 ) 



A 2 / 1 , sinh(2|A|)\ 



t 



1 + c lC4 SiS 2 



2|A| 2 V 21/3x1 ; 

+ {I (l + Sin ^^ lD ) C!C 4 + ^ (-1 + cosh^D) \ (c 2 - Cl + c 3 c 4 ) 
A 2 / sinh(2_^\ 1 AfA 

jl ( S inh(2|A|) V- A ^0\R\\\ l (\ 1=2 _m_ 1 |2 

+ o 1 + mi ClC3 + w (- 1 + cosh (2|AD) , (|d| + M 



2 V 2|A| J 2|A|' 

A 2 / 1 , smh(2|A|)\ 



+ 2Wl" 1 + i: w"J ClC3 i AtA 

A 2 / sinh(2|A|) \ r lA t A 



9 

= (vaclZ' 1 —Z\vac) 



(94) 



1 / sin(2|e|) ^ Csinh(2|C|) / 2 n £ , 0| , m 1 /, ,2 , , , |2 \ 

2\ ~2\i\~) 2|Cj ^ 2 +dl 2 J ~2\^f^ V 1 " 2 ' +|rf2 ' J 

sin(2|e|)Usinh(2|C|) / 2 --xU 

2WV 1 + ^^J^^^ r 



4 



+ < 



+ < 



1 J, + sn^D j ifi^C!)^ --1^(1- cos(2jffi) i + a 2 d 2 ) 
2|5| 2 V 2|?| J 2|C| 2 J 

1 + « j C«D 2a2d2 _ _i_ (1 _ cos(2|?|)) 1 (Q2Ji + Q . d2) 



m 2 \ m ) 2ici 
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+ < ^ f-1 + cosh(2|Ci)^}^^ + {I (l + ™) coah(2| C |)4}sI« 



2ieiH 2iei ; 



+ -|,(l-oo8(2|e|))is 1 t Si 



+ 



2 ^ 2|£| J 2|Cj ~ 2^ ^ ~ ^ ™ 2 v x ' ' 2 ' ) 

- 1 + «)^^}^ 2 , 



+— 

2KI 



(9 

= (t>ac|Z _1 — Z\vac) 



C 



2|C| 2 

-2 



-l + cosh(2|C|))(l + |a 2 | 2 + |rf 2 | 2 )^ 



C 2 / , sinh(2|C|)\ 6 , 1 / , sinh(2|C|) 



- 1 + — oT7P~^ a 2 Si + - 1 + — -f-j^ a 2 5j 



t 



2ici 2 V * ' 2ici y — ■ 2 1 2|ci 



1 + cosh(2|C|)) (a 2 di + « 2 ^ 2 ) B 2 + -^(-1 + cosh(2|C|)) (a 2 d 2 + a 2 d 1 ) B\ 



2|Cr —v— ' — /- ' 2)C | 



C 2 / sinh(2|C|) \ a p U smh(2lC|) \ ,6 t 6t 



2|CI 

C 2 / sinh(2lCl) \ ^ £t | l (, | siBh(2lCl) \ At a 
2^ l" 1 + ~^^J d2BlB > + 2 ( 1 + ^ 2 



-1 + cosh(2|C|))5 1 t 5i + ^(-1 + cosh(2|C|)) (Mil 2 + |4| 2 ) B\B 2 , (96) 

A a2 = {vac\Z- l ^-Z\vac) = —E + cosh \{3 2 \B\ + ^smh |/j 2 | ^ ^ 
aa 2 2 



^ = w^zw = + y i (g A + ^ ) ^ (98) 



Anyway we determined each term of the connection. Since the connection form A is 
anti-hermitian (A* = —A), it can be written as 

A = A ai da\ + AfcdPi + A^dt; + A^d( + A a , 2 da 2 + Ap 2 df3 2 

-{4^1 + 4i d ^ + A^di + A^dC + Al 2 da 2 + 4 2 d/9 2 | . (99) 
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But it is not easy (almost difficult ?) to calculate the curvature form T = dA + A A A 
making use of Proposition 3-3-2 like Theorem 3-1-4 from Proposition 3-1-3 and Theorem 
3-2-4 from Proposition 3-2-3. This is a miserable task for us. 

4 Problem on Universality 

Here we list our important problem. What should be done in Holonomic Quantum Com- 
puter is to prove a universality ( [^3| ) ■ • ■ a holonomy group is irreducible in our terminol- 
ogy, see the below of (|T9|). 

Let us recall our model in sect. 3.3. The operator Oi(a\,Pi) operates 1-st qubit 
space C£q, 02(0:2,^2) operates 2-nd qubit space C 2 2 % and C) operates 2-qubit space 
C 2 ^ ® C( 2 ) intertwiningly. Therefore we call 

Z(ai,Px, £, C, a 2 , fa) = O x {a x , fc)W (£, C)0 2 (a 2 , ft) (100) 

one set of fundamental operators. Since the parameter space is 

M = {K Pu (,C«2,A)6C 6 }, (101) 

its dimension is diniR.M = 2 x 6 = 12, while diniR,{7(4) = 4 2 = 16. The canonical 
connection on quantum computational bundle on Ai is just A in fl§Up. 
Next we operate one set of fundamental operators twice : 

Z^Z* 1 = Z(a u jk, I C, « 2 , &)^(ai, A, £, C, « 2 , /3 2 ). (102) 

This parameter space is therefore 

M = {(fix, j3 h i, C, & 2 , fa, ax, Pi, 6, (, «2, P2) e C 12 }, (103) 

its dimension is dim R .M = 2 x 12 = 24 > 16 = dim R ?7(4). 

We expect that a canonical connection A on quantum computational bundle on A4 
like ^4 on M. is irreducible., namely Hoi (A) = U(4). 
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Since each term of curvature form is = d^A v — d u A^ + [Afj,,A v ], this contains a 
commutator term [A^, A v \. From we have 



From these 



[B\B 2 ,B 



^001 ^ 



-1 





( 0^ 




10 
0-100 



[B U BIB 2 



[BiBlBp 



^010 ^ 




-1 




^ ^ 



10 

0-10 



Adding QID§ and (|10|) to (0) we have 



(104) 



(105) 



B, Bi, B l , B 2 , B 2 , BiB 2 , B 1 B 2l B X B 2 , B 1 B 1 , B 2 B 2 , B 1 B 2 , 



[B u B\B 2 ], [B 2 , B.Bl], [B x Bl £J], [B{B 2 , Bl] 



(106) 



They are linearly independent in the Lie algebra m(4) of ?7 (4) and dimR( [T06"| ) 
16 = dimR,w(4). A matrix is lacking, for example, 



^ 1 ^ 



0-100 
0-10 
1 



15 < 



On the other hand it is easy to see 



[B 1 ,[B\B 2 ,Bt]] = [B 1 ,Bl][B 2 ,Bt] 



10 
0-100 
0-10 
1 



(107) 
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We note that matrices 



^ 1 ^ 



10 
10 
1 



^ ^ 




10 
1 



^ ^ 



10 

1 



10 
0-100 
0-10 
1 



are linearly independent. Therefore the set 

| (106), [fix, 

is linearly independent in w(4) and its dimension is just 16 



(10* 



A comment is in order. To drive a matrix in the RHS of ( [L07| ) in the framework of 
Holonomic Quantum Computation seems not easy. How can we get this matrix ? In 



my opinion two - dimensional holonomy are hopeful. For this subject the paper [25 
is recommended. See also fl26| . For more than 3-qubit case a system of generalised 
holonomies ■ ■ • usual holonomy, two-dimensional holonomy, etc • • ■ should be taken into 



consideration. This point will be discussed in the forthcoming paper ||27 |. Holonomic 
Quantum Computation will become more and more complicated. 



Let us introduce an usual approach (a soft one). To prove a universality we have only 
to construct the Controlled-Not operator 



C-NOT 



^ 1 ^ 



10 
1 
10 



(109) 



see the recent review paper |28] or |]29fl . Here we define an operator 

^ 1 ^ 



X 



10 
10 
-1 



(110) 
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For the Hadamard operator H — 



1 1 



V 1 - 1 



(H- 1 = H, or H 2 = E) . it is easy to 



sec 



{E®H)X{E®H) = C-NOT or X = (E H) C-NOT (E H) . 



Therefore we have only to construct the operator X in Holonomic Quantum Computer. 
To construct X we have only to find a loop 



7: [0,1] — C 6 ^ {{aufc, e,C,<*2,&)} 



(112) 



such that 



F A (j) = Vexp *yj> = X 



(113) 



for A in (|99D . To calculate this we use so-called non-abelian Stokes theorem, for example, 
sec 



301. But to use this theorem we must calculate the curvature form whether we like it 



or not. 



5 Further Generalization 

In this section we make a generalization of coherent operators based on C and su(2) and 
su(l, 1) [31] and [32], and propose a generalization of the method in sect. 3. 3. 

Let us first consider extended coherent operators based on Lie algebras C and su(l, 1). 
Definition We set 

[NC] D{a, s) = e ^ ] -^+ isN for (a, s) G C x R, (114) 
[NC] S(P,t) = e PK+-PK-+™& f or (^t) e C x R. (115) 

Here let us list the disentangling formulas. 
Lemma 5-1 We have 

[NC] D(a,s) = exp{g(s)\a\ 2 }exp{f(s)aa^}exp{isN}exp{—f(s)aa}, (H6) 

e is — 1 e is — (1 + is) 

where /(s) = — : , g(s) = = , 

is s z 
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[NC] S {M = exp {^- h K + } exp {.eg 1 + g Z& K,} exp {^-} , (117) 
where « = V|/3| 2 - t 2 , 7 = — - — /?, 7 = — - — /3, /i = — - — t (118) 



For the proof see [32 and appendix B. 



Now we define an operator like 0(a,/3) in (fj^) : 

O(a,s,0,t) = D(a,s)S(0,t). (119) 

This operator operates on 1-qubit space C 2 . 

Next let us consider extended coherent operators based on Lie algebras su{2) and 
su(l,l). 

Definition We set 

[C] U(£,u) = e € J +-« J -+ 2i « J 3 for G C x R, (120) 

[NC] 7(C,v) = e CK+ ^ K - +2ivK3 for (C,v) G C x R. (121) 

Here let us list the disentangling formulas. 
Lemma 5-2 We have 

[C] U^u) = expf^ J^expfog 1 (1 - ^fc) 2 |2 j3>eXp{ ~ A J - } ' (122) 

1 \ A7i2~ i tan A tan A - tan A 

where A = y|£| +u 2 , n= — — f, // = — — f, fc = — — u. 

[NC] K(C,,)=exp{^ + }e X p{.ogl±^!^}exp{ T ^^}, (123) 

ATi2 n tanh k _ tanh k - tanh k 
where k = y \Q — v 2 , v = Q, v = Q, I = v. 

K K K 

For the proof see appendix B. 



Now we define an operator like W(£, Q in (56) : 



W{Z,u,{,v) = U(£,u)V({,v). (124) 



This operator operates on 2-qubit space C 2 ^ <g> 
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In the following we consider a generalization of sect. 3. 3. First of all let us define a full 
operator 

Z(a u s 1 ,p 1 , *!, f , it, C, f , a 2 , s 2 , P 2 , h) = Si, ft, *i) u, C, w)0 2 (a 2 , s 2 , Aj, £2) 

(125) 

and a family of Hamiltonians 

H(a\ ,Sl,Pl ,tl ,£,U,C,V,CC2,S2 $2 to) ~ 

Z(a l7 si, /3i, ti, f , it, C, v, a 2 , s 2 , (3 2 , t 2 )H Z (ai, si, ft, ti, £, (, v, a 2 , s 2 , ft, t 2 ) _1 (126) 



with H in (H). 



We note that our parameter space is 

A? = {(ai,si,/Mi,f,u,C,^a2,S2,&,t2) G ° 6 X R6 } ' (127) 

and its dimension is dimR.M = 3 x 6 = 18 > 16 = diniR,[/(4). 

We want to calculate a canonical connection A on quantum computational bundle on 
M. like A on Ai ( |§PD and to study its holonomy group. But this is very hard task. We 
leave it to the readers with brute power of calculations. 

Acknowledgment. The author wishes to thank Prof. Akio Hosoya who suggested me to 
perform the calculations in sect. 3.3. 



Appendix A : Some Useful Formulas 

Let us recall 

[/(£) = exp [£ai^a 2 - ^WaiJ , V(() = exp ((a^a^ - C a 2«i 

From this 

C/(0 _1 aiC/(e) = cosdClK + ^j^a 2 , 
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Then 



C/(0 _1 «2C/(0 = cos(K|)a 2 - ^j^ax , 
^(0-V^(0=cos(|$|)a 2 t-i^!^a 1 t. 



(128) 



/ |sin(|g|) n \ 



= (a 1 ,a 2 ,ai t ,a 2 t ) 



oos(iei) 

^in(|g|) 







eos(|£. ) 

$sin(|g|) 



cos(KI) 




= (ai,a 2 ,ai t ,a 2 t ) Mu . 



i^M oos(iei) 



(129) 



Next 



Then 



ncrvno = coshdcDax + Csi ^ (lcl) a 2 t , 

V(CrWv(C)^cosH\CW + ^^a 2 , 
V((r 1 a 2 V(0 = cosh(|C|)a 2 + CsiI j^ C ^ 0l t , 

ncr Vno = cosh(ici)a 2 t + ^ S11 j^ lcl) a 1 . 



(130) 



(ncrVm ^(C)- 1 a 2 ^(C), ^(0" Vv(C), V(Q~WV 



( 



(a,!, a 2 , a^, a 2 ^ 



cosh(|C|) 



Csinh(|C|) \ 

ici 



Csinh(ICI) 

V ici 



cosh(|C|) 
C^O) C o S h(|C|) 

cosh(|C|) 



= (a,!, a 2 , ai\ a 2 f ) M v . 



(131) 
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Here we set 

(w(t, o -1 oiw(e, o, w& cr l a 2 w{i, c), w& o~Ww^, o, w& crww& o) 

= (a 1 ,a 2 ,a 1 \a 2 ^M w . (132) 
Let us calculate : 

(w^iW, W- 1 a 2 W, WW^, H /_1 a 2 t Vt / ) 

= (y^trVi/v, t^cr^c/v, v^trV^v, ^- 1 c/- 1 a 2 t c/y) 

= V -1 (c/ _1 aiC/, C/ _1 a 2 C/, trW*/, U'Wu) V 
= (y _1 aiV, ^ -1 a 2 V, V -1 a 2 V) M„ 

= (ai, a 2 , ai 1 ", a 2 t ) M v Mu 



(133) 



Namely, M w = M v Mu- Let us calculate M w : 



M w = 



cosh(|C|) cos(KI) -coshdCl)^ 11 C " Binh(ICI) hiam 



ICI 



cosh(|C])^ cosh(|C|)cos(|e|) ^j^cos(|e|) 

^Pcos(|e|) cosh(|C|)cos(|e|) -cosh(|C|)^P 



^Mcos(|e|) ^ 

Csinh(ICI) gsin(|g|) 

ICI |(| 



ICI 



^picos(|e|) cosh(|C|)^ cosh(|C|)cos(|e|) 



(134) 



Moreover since 



2 1 a\0 2 = ai, 2 1 a^0 2 = , 

n -i n i uiflh , /?2 sinh(|/? 2 |) f 
G> 2 a 2 2 = a 2 + cosh(|/y 2 |)a 2 H r— a 2 ' 



2 ~ V0 2 = a 2 + cosh(|/3 2 |)a 2 t + ^i^pi a2 



(135) 



we have in matrix form 



(l, 2 - x a x 2 , 2 ~ l a 2 2 , 2 ~ V0 2 , C^'V^) 



(l, ai, a 2 , ai 1 ", a 2 f 



10 a 2 a 2 

1 

cosh(|/3 2 |) & ri yi> 

1 

Si^mil o cosh(|/3 2 |) 
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= (l,ai,a 2 ,ai t ,a 2 t ) M . 
Here we define for later convenience 



M 



w 



'i o N 



V M w J 



which is in matrix form 

M w = 
/ 



1 

cosh(|C|)cos(|e|) 

cosh(|C|)^ 

U ICI ICI 

^Mcos(|e|) 







-cosh(lCl)^ 
cosh(|C|)cos(|e|) 

Csinh(ICI) 





fsm(|il) Csinh(|C|)|sin(|g|) 

ICI ICI 
^picos(lel) 



ICI 



cos 



Csinh(|C|)Csm(ICI) 
ICI ICI 



cosh (ICI) cos 



cosh(|C|)^ 



(136) 



(137) 





^)cos(|£|) 

Csinh(|<|)gsin(|g|) 

ICI ICI 
-cosh(KI)^ 

cosh(|C|)cos(|e|) ) 



:i38) 



Therefore 



(l, 2 ~ 1 W- 1 a 1 W0 2 , 2 - 1 W~ 1 a 2 W0 2 , 2 - l W~ l a^W0 2 , O^W^aJWO^ 
= O^ 1 (l, W~ 1 aiW, W- l a 2 Wi W^aJW, W^ajw) 2 
= (l, 2 _1 ai0 2 , 2 ~ l a 2 2 , 2 ' l a^0 2 , O^a^O^ M w 

= (l, a u a 2 , a x \ aj) M M W (139) 



We have only to calculate the matrix multiplication MoMw. 

/ , n . n , \ 



M M W = 



1 





a 2 





a 2 





1 

















cosh(|ft|) 





h sinh(|/3 2 |) 











1 











/3 2 sinh(|/3 2 |) 

\fh\ 





cosh(|/3 2 |) 



X 
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C0S11(|C|)C0S(|£|) -00Bh(|C|)^P C-sinhaC^-sinM) 



cosh(KI)^™ oosh(ICI) coB(|e|) ^ff^cos(iei) 




CsinhflCD 



^Mcos(KI) 

Csinh(|C|) gsin(|g|) 



ICI ICI 

Csinh(|C|)gsin(|€|) C£mhM cos (|£|) cOSh(|C|) COsflf |) -COSh(|C|)^^ 



^Pcos(|e|) 



ICI 

M\ 

ICI 



ICI 



• ^tlCDCy) coshdCD^P cosh(|C|)cos(|e|) J 



ICI 



(140) 



Appendix B : Disentangling Formulas 

Let us prove the disentangling formulas Lemma 5-2 for extended coherent operators. Let 
p be a representation of Lie group SU (2) C SL(2, C) 



p : SX(2,C) — ► U{H®H) 



:ur, 



with some special conditions, see [17fl and [T8[, and 



J+ = dp(j+), J- = dp(JJ), J 3 = dp(j_) 



(142) 



where 



3+ 



1 







, 3- 



In this case 



exp k/ + — £J_ + 2ra J s 
/ / 



exp 



Then it is easy to see 



so we have 





1 




P ex P 



A 



u 2 + \£\ 2 )E = -X 2 E 
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iu £ 
— £ — zu 



p(e^ 



(143) 



(144) 



, , _ sin A . 

e A = cos XE H — A 

A 



cosA + sif^(m) ^£ 



sin A 



£ cosA-^(w 



(145) 
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For e y 




(ad — be = 1), the Gauss decomposition of this matrix is given by 



a b 
c d 



1 I 
1 



d 



I 1 0^ 



I 1 



Since p is a representation of Lie group (not Lie algebra) we have 

1 



where 
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-logd 



= exp(^pO'+) J ex P(- 21 °g rf P(j3)) expQdp(j_) 



y logd 
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7 



exp dp 







1 o 



= exp ^~^+^ ex P ( — 21ogdJ 3 ) exp (^J- 
= exp ^J + ) exp (log (1) J S ) exp 



sin A ( 
A C 



tan A < 
A ' 



d cosA-m^ 

tan A c 



d 



1 

d 2 " 



os 



(cos A - (l - iu^) ( 



1 + tan A 2 

l _ iu tanXy 



For simplicity we set 



tan A. _ tan A- tan A 

fi = — n = — k = ; Ui 



A 



A 



A 



(146) 



(147) 



(148) 



(149) 



32 



then it is easy to see 

b fi c —p, 1 1 + |/i| 2 + k 2 



(150) 



d 1-ik' d 1-ik' d? (1 - ik) 2 ' 

We could prove [C] in Lemma 5-2 under some conditions. To remove these conditions (to 
extend from a representation of Lie groups to a representation of Lie algebras) we needs 



some tricks. But we omit the details, see 121 



Similar method is still valid for a representation of Lie group SU(1, 1) to prove [NC] 
in Lemma 5-2. But we don't repeat here, so leave it to the readers. 
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